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Global theoretical approaches to nuclear masses

o/ MeV
2001 data
(2135 nuclei)

model parameters c / MeV
1995 data
(1768 nuclei)
HFBCS-1 15+4 0.718
HFB-1 15+4 0.740
HFB-2 18+4
HFB-2’ 18+4 0.651
FRDM 19+12 0.678
Duflo-Zuker 28 0.346

0.805
0.822
0.674
0.702
0.676
0.373

> Energy functionals

[Lunney, Pearson, Thibault, Rev. Mod. Phys. 75, 1021 (2003)]

The “best” mass models fit global masses with 0.35-0.67 MeV RMS error.

 Moeller & Nix: Finite Range Droplet Model (mic + mac)

« Duflo-Zuker mass formula (shell-model inspired)

More fundamental approaches do not (yet) perform as well

Can one devise a microscopic yet accurate approach

which extrapolates well?



Density-functional theory
Theoretical basis : Hohenberg-Kohn theorem (1964)
Map from ground-state wave function to density

P(r) — p(r)

Map from density to set of all corresponding wave functions

p(r) = {(r)}p

Energy functional: energy is minimum in this set
Flp(r)] = mingyy ([ H[Y)
Ground-state energy from minimization of the functional
Egs = miny{Flp] + [ dro(r)p(r)}
Alternative view : Energy functional is a Legendre transform (Lieb, 1983)
Find ground-state energy for all external potentials
v(r) — Elv(r)]
Perform functional Legendre transform
Flo(M] = Elv()] — [ dro(m)p(r)
dE[v]
dv(r)

p(r) =



Pros & cons of density-functional theory

1. How can one determine the energy functional in praxis?

2. How can a given approximation be systematically improved?

1. Computationally simple

2. Works quite well across the nuclear chart

3. Universality : inclusion of external potentials by additive term fd3rV(r)p(r)
- Invaluable in atomic physics

- of limited value in nuclear physics

Consider alternative formulations of nuclear energy functionals
Here: Energy functionals based on shell-model occupations
o(r) < nag, oa=(n,l,j,1)
Flp(r)] + F[ni,no,...,n0]
Q: What is the from of the functional?

A: Study solvable systems first!



Functional for the pairing Hamiltonian
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Energy functional in BCS F[nl, ce ,TLQ] — 2 Z nj(2 — nj)
approximation N >> 1 J=1

Functional is non-local and non-analytical (but simple)

k
Energy functional in strong  F'({n;}) = EW + g y: yz dAQJ' l_[ (n — ﬁ)%‘
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Functional is local and analytical, and expands in fluctuations around the average occupation

T.P. and A. Bhattacharyya, Phys. Rev. C 75 (2007) 014304



Three-level Lipkin model
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Note:
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1. Two-body interaction between levels 0 & 1 and 0 & 2 only

2. Continuous symmetry between levels1and 2 o ———
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RPA solution is good
approximation but fails at th
phase transitional point

e=V(N—-1)=vw

[Ref.: Hagino and Bertsch 2000]
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F(n)/V

Energy functional of three-level Lipkin model

Spherical phase
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Three-level Lipkin model: explicit symmetry breaking

Break continuous symmetry of excited levels
Weak-coupling regime (simple)

Strong-coupling regime

N=10



Relation between density and shell-model occupancies

Density in terms of Kohn-Sham orbitals and occupancies

Shell-model occupancies in terms of Kohn-Sham occupancies

Variation of Kohn-Sham functional in presence of shell-model occupancies

Functional is orbital-based and thus non-local ind ensity



Duflo-Zuker mass formula functional

J. Duflo and A. P. Zuker, Phys. Rev. C 52, R23 (1995); nucl-th/9404019; nucl-th/9505011

1. Key ingredients:

 Degrees of freedom: occupations of high-j intruder orbital and remainder of
major shells

* Binding energy is mainly quadratic form in occupations with smaller quartic
terms; monopole Hamiltonian is backbone

 N,Z scaling in “matrix elements” from shell model (harmonic oscillator)
 N,Z scaling guarantees saturation
2. Occupations are chosen from extreme shell model with treatment of deformation
3. Fitto ~2000 masses yields RMS of 0.35 MeV

Let's change our point of view
o Duflo-Zuker mass formula  functional of occupation numbers

* Occupation numbers should result from minimization of functional



A-dependence in functional
Note on explicit A-dependence
o Clear from derivation through Legendre transform
« Single-particle basis introduces smooth A-dependence
» Consistent with Hohenberg Kohn: mass number A is also a functional of the density
« Emphasized by E. H. Lieb, Int. J. Quant. Chem. 24, 243 (1983)

(Universality does not imply absence of A-dependence)

A-dependence of a few terms:

m,, = occupation of principle shell p

m, ~ p?



Functional for nuclear masses

Degrees of freedom: Major oscillator shell + high-j intruder (6, 14, 28, 50, 82, 126)
10 parameters determined from fit
A, N, Z scaling from liquid drop model

Easy to compete with Skyrme functionals — more difficult to implement physics

Unexpected:
tabilizes Fermi surface  naive occupation

Parameters [MeV]



Technical detalls

Minimization of functional:

1. Constraints:
2. Algorithms: COBYLA ( = Constrained Optimization BY Linear Approximation)

NPSOL (quadratic approximation, needs gradients)

2 fit of parameters of the functional (takes a few hundred calls to the functional)

1. Simplex algorithm PRAXIS or
2. Cernlib’'s MINUIT
3. Global fit to ~2000 nuclei

Result:
1.

2
3.
4

Initial occupations close to extreme shell model; model not yet satisfactory
Initial parameters close to liquid drop mode; add terms one by one
Final RMS = 1.17 MeV

~ 10 cpu hours for final global fit



Comparison

Nuclear DFT

Functional of occupations

Functional

Function

Kohn-Sham DFT

Hohenberg-Kohn DFT

(beyond) mean-field approach

break symmetries, introduce auxiliary (pairing)
densities, restore symmetries, introduce
correlations

Keep spherical symmetry
Conservation of particle number

LDA + Gradients

(Non-analytical terms problematic in symmetry
restoration)

Non-local and non-analytical

No explicit N, Z dependence
(by choice, but not necessary)

Explicit N, Z dependence
* necessary to enforce saturation
* N,Z dependent single-particle basis

Masses, densities, radii, deformations

Masses
Radii deformations within oscillator basis

Natural degrees of freedom for nuclear matter?

Natural degrees of freedom for finite nuclei?




10-parameter mass table
Difference between model and experimental data

Mario Stoitsov’'s Mass Table EXplorer (http://massexplorer.org)



Some detalls: differences versus N



Some detalls: differences versus Z



Status and outlook

. Purely phenomenological yet; pairing and np interaction more difficult to
model

. Further insight through shell model in sd-shell and pf-shell, pairing +
guadrupole Hamiltonian

. Incorporation of sub-shell effects m, m; occupation of j-shells
. Computational issues

1. Minimization of functional is minimization with constraints

2. Fit to global masses non-trivial (starting point?)

. Aims: theory for nuclear masses with precision and extrapolation
capability and microscopic foundation



Summary

Energy functionals based on occupation numbers
1. Based on Hohenberg-Kohn theorems
2. “natural” degrees of freedom

Analytical results for Richardson’s pairing model and three-level Lipkin model
1. Generic sqgrt(n) behavior for sufficiently weak couplings
2. Breaking of continuous symmetry

Global energy functional
1. Duflo-Zuker mass formula  functional based on Hohenberg-Kohn theorems
2. Global fit of 10-parameter functional, reasonable RMS but deficient functional
3. Computational effort much smaller than for traditional density functionals



